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In infinite dimensional Banach spaces both weak continuity and continuity 
are stronger conditions than demicontinuity. In this note we present an im- 
provement of a recent closure theorem [l, Theorem 3.6, p. 1971 by using 
demicontinuity in the place of weak continuity. This makes the result more 
powerful and widely applicable. 
1. INTRODUCTION 
Recently [l] the author presented some existence results in optimal controls 
for a class of strongly nonlinear parabolic system described by 
1 
g + 4) # =f(t, 4, t E I = (to ) tJ 
S: 
VW = $0 9 u(t)ErCE. 
Here, as in [l, p. 1901, we consider {A(t), t ~1) to be a family of strongly non- 
linear parablic partial differential operators from I’ to V* where V is a reflexive 
Banach space with dual V* and Corn C V C WmJ’, m any positive integer, and 
1 < p < co. The function f is a mapping from I x E to V* with E being a 
separable reflexive Banach space where controls take their values. For detailed 
notation the reader is referred to the paper [I]. Using a recent selection theorem 
on Banach space [2, Theorem 2.1, p. 1181 and assuming that f(t, .) is weakly 
continuous from E to I’*, it was shown in [I, Theorem 3.6, p. 1971 that the set of 
attainable trajectories % of the system S is a weakly closed and weakly compact 
subset of&Q, V). Using this fact several existence theorems for optimal controls 
were obtained [I, Theorems 4.1-4.3, p. 2001. In this note we consider E to be a 
metric space and r a measurable set valued function on I with values r(t) C E 
and show that the continuity condition off from E ro V* can be relaxed at the 
cost of its measurability in t on I. Precisely weak continuity is replaced by demi- 
continuity. The assumptions (Fl)’ and (F2)’ of this note represent the relaxed 
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versions of (Fl) and (F2) of [I, p. 196j. Th e results are presented in Lemma 3.4 
and Theorem 3.6’ under the relaxed conditions and they correspond to Lemma 
3.4 and Theorem 3.6 of [I, pp. 196-1981. 
We note that it is possible to consider f to be dependent also on the state 
variable #. This has been done in a recent paper [3] in which stronger continuity 
conditions have been used. 
For convenience we write down the following notations: C,,m denotes the class 
of infinitely differentiable r-vector valued functions with compact support in a 
finite dimensional real Euclidean space, W”*P is a Sobolev space and V is a 
reflexive Banach space with dual V* and C,,= C VC Wm.?‘. His a Hilbert space 
of r-vector valued functions defined on the same finite dimensional Euclidean 
space as CO*. For u E I/’ and v E V*, (v, u) denotes V* - V duality pairing 
with 1 u IV the norm. For 1 < p, q < CO, p-l + q-l = 1; L,(I, V) denotes the 
equivalence classes of strongly measurable functions from I to Y with V-norms 
being pth power Lebesque summable on I. &(I, V*) is the dual of &,(I, V) and 
for f~L,(1, V*) and g g&,(1, V), (f, g) denotes the duality pairing in I&, V*) 
and &(I, V). C’(1, H) denotes the class of once continuously differentiable 
functions on I with values in the Hilbert space H. 
2. AN IMPROVED CLOSURE THEOREM 
Let I’(t), t ~1 be a measurable set valued function with complete values 
14, p. 277j in a separable metric space E, not necessarily a reflexive Banach 
space as considered in [ 1, p. 1911. Let B denote the class of strongly measurable 
functions from I to E so that for each t E I and u E II, u(t) E r(t). 
Suppose f satisfies the following conditions: 
(Fl)’ f: I x E - V* is demicontinuous in the sense that if t, --f t*, and 
u, -+ u* strongly in E, then f(tn , u,) +f(t*, u*) in the W*-topology (weak 
star topology) in V* (that is V topology of V*). Since V is reflexive we will not 
distinguish between W* and weak topologies. 
(F2)’ For each t ~1, the set F(t) = {y E V* / y =f(t, ‘u), et E r(t)> is 
nonempty, closed, convex and q-integrably bounded in the sense that there 
exists a g EL,(I, R,), R, = {x 1 x > 0}, such that sup{I y I y* , Y ~F(t)j <g(t) 
a.e. where 1 < q, p < co and l/q + l/p = 1. 
The assumptions (Fl)’ and (F2)’ take the place of (Fl) and (F2) of [I, p. 1961. 
LEMMA 3.4’. Under the assumption (F2)‘, the set Fe = {feL,(I, V*) if(t) E 
F(t) a.e.1 is a closed, bounded, convex subset of L,(I, V*) and consequently both 
weakly closed and weakly sequentially compact. 
Proof. Boundedness, convexity and strong closure follows from simple 
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computation. Weak closure follows from Mazur’s theorem which states that a 
strongly closed convex set in a locally convex linear topological vector space is 
weakly closed. Since L,(I, V*) is a reflexive Banach space and FB is a bounded, 
weakly closed and convex subset of L,(I, V*) it is clear that FB is weakly compact 
and also weakly sequentially compact by Eberlein-Smulian Theorem. 
The following result imporves Theorem 3.6 [I, Theorem 3.6, p. 1971. For 
precise notation the reader is referred to this paper. 
THEOREM 3.6’. Suppose the operator A satisfies the same hypotheses as in 
Theorem 3.6 [1, Theorem 3.6, p. 1971, f satisfies (Fl)’ and (F2)’ and r(t), t EI 
is a measurable set valuedfunction with complete values in a separable metric space E. 
Then the set of attainable trajectories 9? of the system S is weakly closed and weakly 
sequentially compact as a subset of L,(I, V). 
Proof. Let {&> E 9 and suppose & + #* weakly in L,(I, V). We show that 
#* E X. Since (&} E ?X there exists a sequence (un} E B so that #Jt,,) = #,, and 
Wn > Yu) + Wn > ‘y) = (f(4, Yu> for all YE RI where L is the weak closure 
of the operator a/at from the space Lp(I, V) to the space L,(I, V*), h(#, Y) = 
(4, Y), f(u) (4 = f (4 u(t)) and 4 = (4 E L,(I, V) n C’(1, H) 1 #(tl) = O}. 
Define fn = f (Un) and note that (fn} EFB . By Lemma 3.4’ F, is weakly sequen- 
tially compact and therefore there exists a subsequence of the sequence {fn} 
again denoted by {fn} and an f * E FB so that fn -+ f * weakly in L,(I, V*). As a 
consequence, as in Theorem 3.6 [l, 0. 1971, we have 
(&b*, ‘J’u> + W*, y) = (f *, Yu) for all YE sI . 
Since f * E FD it is clearly measurable and f *(t) E F(t) a.e. For t E I, define 
G*(t) = r(t) n {u E E 1 (f(t, u), v) = (f*(t), v) for all v E V} 
where (., .) denotes duality pairing in P* - V. Since, by hypothesis (Fl)‘, 
f (t, .): E + V* is demicontinuous, each G*(t) is a closed subset of E and there- 
fore have complete values. The space V* with its W*-topology is a Hausdorff 
space and by assumption E is a separable metric space. Therefore it follows from 
Himmelberg-Jacob-Iran Vleck selection theorem [4, Theorem 3, p. 2811 that 
there exists a measurable selection u* such that u*(t) E G*(t) for all t EI and 
consequently f*(t) = f (t, u*(t)) f or all t ~1. Thus (L$*, Y) + h($*, Y) = 
(f(u*), Y) for all YE 4 and consequently #* E 3. Therefore 55 is weakly 
closed. By Lemma 3.1 [l, p. 1931, which holds because F(t) is q-integrably 
bounded, the set % is conditionally weakly sequentially compact. Therefore X 
is also weakly sequentially compact. This completes the proof. 
Remark 1. Demicontinuity (off in U) being a weaker condition than weak 
continuity, the above result is an improvement of the author’s previous result 
[I, Theorem 3.6, p. 1971. This improvement has been possible at the loss of 
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measurability for continuity off in t E I. The continuity assumption (in t E I) 
can be dispensed with if f(t, .): E + V* is assumed to be locally uniformly 
continuous with respect to the metric topologies of both E and V* for almost 
all t ~1 [4, Theorem 3’, p. 2811. This is a strong condition. 
Remark 2. Note that the Theorem4 [4, p. 2821 can not be used since it is not 
known if G*(t) is convex valued. Even though Theorem 2.1 [2, p. 1181 does not 
make the convexity assumption we can not use it here since r(t) and conse- 
quently G*(t) is not necessarily bounded uniformly on I. 
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